Abstract. We show that a strongly irreducible, odd, essentially self-dual, regular, weakly compatible system of l-adic representations of the absolute Galois group of a totally real field is potentially automorphic. Along the way we prove a new automorphy lifting theorem for l-adic representations where we impose a new condition at l, which we call 'potential diagonalizability'. This seems to be a more flexible condition than has been previously considered, and allows for substantial 'change of weight' in our automorphy lifting result.
1. Introduction.
1.1.
Suppose that F and M are number fields, that S is a finite set of primes of F and that n is a positive integer . By a weakly compatible system of n-dimensional l-adic representations of G F defined over M and unramified outside S we shall mean a family of continuous semi-simple representations r λ : G F −→ GL n (M λ ) with the following properties.
• If v / ∈ S is a finite place of F , then for all λ not dividing the residue characteristic of v, the representation r λ is unramified at v and the characteristic polynomial of r λ (Frob v ) lies in M [X] and is independent of λ.
• Each representation r λ is de Rham at all places above the residue characteristic of λ, and in fact crystalline at any place v ∈ S which divides the residue characteristic of λ.
• For each embedding τ : F → M the τ -Hodge-Tate numbers of r λ are independent of λ. In this paper we prove the following theorem (see Theorem 7.2.1).
Theorem A. Let {r λ } be a weakly compatible system of n-dimensional l-adic representations of G F defined over M and unramified outside S, where for simplicity we assume that M contains the image of each embedding F → M . Suppose that {r λ } satisfies the following properties.
(1) Strong Irreducibility r λ is irreducible after restriction to any open subgroup of G F . (2) Regularity For each embedding τ : F → M the representation r λ has n distinct τ -Hodge-Tate numbers. (3) Odd Essential Self-Duality F is totally real; and either each r λ factors through a map to GSp n (M λ ) with an odd multiplier character; or each r λ factors through a map to GO n (M λ ) with an even multiplier character. Moreover in either case the multiplier characters form a weakly compatible system. Then there is a finite, Galois, totally real extension over which all the r λ 's become automorphic. In particular for any embedding ı : M → C the partial L-function L S (ı{r λ }, s) converges in some right half plane and has meromorphic continuation to the whole complex plane. This is not the first paper to prove potential automorphy results for compatible systems of l-adic representations of dimension greater than 2, see for example [HSBT06] , [BLGHT09] , [BLGG09] . However previous attempts only applied to very specific, though well known, examples (e.g. symmetric powers of the Tate modules of elliptic curves) and one had to exploit special properties of these examples. We believe this is the first general potential automorphy theorem in dimension greater than 2, and we are hopeful that it can be applied to many examples. One can probably weaken the assumption that F is totally real to simply assume that F is CM and one might hope to weaken the strong irreducibility assumption, but other than that we do not see how to improve much on this theorem using current methods.
As one example application, suppose that K is a finite set of positive integers such that the 2 #K possible partial sums of elements of K are all distinct. For each k ∈ K let f k be an elliptic modular newform of weight k+1 without complex multiplication. Then the #K-fold tensor product of the l-adic representations associated to the f k is potentially automorphic and the #K-fold product L-function for the f k has meromorphic continuation to the whole complex plane. (See Corollary 7.2.3.) The proof of theorem A follows familiar lines. One works with r λ for one suitably chosen λ. One finds a motive X over some finite Galois totally real extension F /F which realizes the reduction r λ in its mod l cohomology and whose mod l cohomology is induced from a character. One tries to argue that by automorphic induction the mod l cohomology is automorphic over F , hence by an automorphy lifting theorem the l -adic cohomology is automorphic over F , hence tautologically the mod l cohomology is automorphic over F and hence, finally, by another automorphy lifting theorem r λ is automorphic over F . To find X one uses a lemma of Moret-Bailly [MB89] , [GPR95] and for this one needs a family of motives with distinct Hodge numbers, which has large monodromy. Griffiths transversality tells us that this will only be possible if the Hodge numbers of the motives are consecutive (e.g 0, 1, 2, . . . , n − 1). Thus the l-adic cohomology of X will be automorphic of a different weight (infinitesimal character) than r λ and the second potential automorphy theorem needs to incorporate a 'change of weight'. In addition it seems that we can in general only expect to find X over an extension F /F which is highly ramified at l. Thus our second potential automorphy theorem needs to work over a base which is highly ramified at l. These two, related problems were the principal difficulties we faced. The original higher dimensional automorphy lifting theorems (see [CHT08] , [Tay08] ) could handle neither of these difficulties. In the ordinary case one of us (D.G.) proved an automorphy lifting theorem that uses Hida theory and some new local calculations to handle both of these problems (see [Ger09] ). This has had important applications, but its applicability is still severely limited because we don't know how to prove that many compatible systems of l-adic representations are ordinary infinitely often.
The main innovation of this paper is a new automorphy lifting theorem that handles both these problems in significant generality. One of our key ideas is to introduce the the notion of a crystalline representation ρ of the absolute Galois group of a local field K being potentially diagonalizable: ρ is potentially diagonalizable if there is a finite extension K /K such that ρ| G K lies on the same irreducible component of the universal crystalline lifting ring of ρ| G K (with fixed Hodge-Tate numbers) as a sum of characters lifting ρ| G K . (We remark that this does not depend on the choice of integral model for ρ.) Ordinary crystalline representations are potentially diagonalizable, as are crystalline representations in the Fontaine-Laffaille range (i.e. over an absolutely unramified base and with Hodge-Tate numbers in the range [0, l − 2]). Potentially diagonalizability is also preserved under restriction to the absolute Galois group of a finite extension. In this sense they behave better than 'crystalline representations in the Fontaine-Laffaille range' which require the ground field to be absolutely unramified. Finally 'potentially diagonalizable' representations are perfectly suited to our method of proving automorphy lifting theorems that allow for a change of weight.
To prove such a theorem we employ Harris' tensor product trick (see [Har07] ), which was first employed in connection with change of weight in [BLGG09] . However the freedom that 'potential diagonalizability' gives us to make highly ramified base changes in the non-ordinary case means that this method becomes more powerful. More precisely, suppose that r λ is potentially diagonalizable, and that r 0 is a potentially diagonalizable, automorphic lift of r λ (with possibly different HodgeTate numbers to r λ ). In fact making a finite soluble (but likely highly ramified above l) base change we can assume they are diagonalizable, i.e. we can take K = K in the definition of potential diagonalizability. We choose a cyclic extension M/F of degree n in which each prime above l splits completely, and two characters θ and θ 0 of G M such that
•θ = θ 0 ,
• the restriction of Ind Then r 0 ⊗ Ind
θ is automorphic and has the same reduction as r λ ⊗ Ind
Moreover the restrictions of these two representations to the decomposition group at a prime v|l lie on the same component of the universal crystalline lifting ring of (r λ ⊗ Ind
. This is enough for the usual Taylor-Wiles-Kisin argument to prove that r λ ⊗ Ind
θ 0 is also automorphic, from which we can deduce (as in [BLGHT09] ) the automorphy of r λ .
For example we prove the following automorphy lifting theorem which we hope might be of independent interest. Theorem B. Let F be an imaginary CM field with maximal totally real subfield F + and let c denote the non-trivial element of Gal (F/F + ). Suppose that l is odd and let n ∈ Z ≥1 with l > n 2 . Let
be a continuous irreducible representation and let r denote the semi-simplification of the reduction of r. Also let
be a continuous character. Suppose that r and µ enjoy the following properties:
(3) r ramifies at only finitely many primes. (4) r| Gv is potentially diagonalizable (and so in particular potentially crystalline) for all v|l.
and π is ı-ordinary. Then (r, µ) is automorphic.
(See Theorem 5.1.1, and also section 3.1 for the definition of any terminology which may be unfamiliar.) It seems to us to be a very interesting question to clarify the ubiquity of potential diagonalizability. Could every crystalline representation be potentially diagonalizable? (We have no reason to believe this, but we know of no counterexample.)
All the main innovations of this paper are in sections 2.3 and 5. The rest of the paper, while sometimes technically daunting, will not surprise an expert.
We now explain the structure of the paper. In section 2 we study the notion of (potential) diagonalisability, and the related definitions for l-adic representations of G K , K a finite extension of Q p (p = l), in some generality. In section 3 we generalise a number of results from our earlier papers (particularly [GG09] and [BLGG09] ) to work with essentially conjugate self-dual representations, rather than just conjugate self-dual representations; this is for the most part just a matter of carefully keeping track of twists. In section 4 we prove a variant of the character building lemma of [BLGG10] (itself a variant on those of [BLGHT09] and [BLGG09] ), adapted to the case of CM extensions of CM fields.
In section 5 we prove the automorphy lifting theorem described above.
In section 6 we apply these results to potential automorphy. First in section 6.1 we repeat arguments from [BLGHT09] using the Dwork family to prove a potential automorphy result in for symplectic mod l representations of dimension n with multiplier 1−n l . In section 6.2, again following [BLGHT09] , we use Harris' tensor product trick to extend this to orthogonal representations and remove the condition on the multiplier. Finally in section 6.3 we combine this with our automorphy lifting theorem to obtain our main potential automorphy theorem for a single ladic representation.
In section 7 we apply this theorem to compatible families and deduce some consequences and examples, including theorem A. This paper was written at the same time as [BLGG10] and there was considerable cross fertilization. It would also have been impossible without Harris' tensor product trick and it is a pleasure to acknowledge our debt to him.
Notation.
We write all matrix transposes on the left; so t A is the transpose of A. Let gl n denote the space of n × n matrices with the adjoint action of GL n and let gl 0 n denote the subspace of trace zero matrices. If R is a local ring we write m R for the maximal ideal of R.
If Γ is a profinite group then Γ ab will denote its maximal abelian quotient by a closed subgroup. If ρ : Γ → GL n (Q l ) is a continuous homomorphism then we will let ρ : Γ → GL n (F l ) denote the semi-simplification of its reduction, which is well defined up to conjugacy.
If M is a field, we let M denote its algebraic closure and G M denote its absolute Galois group. We will use ζ n to denote a primitive n th -root of 1. Let l denote the l-adic cyclotomic character and l its reduction modulo l. We will also let
If K is a finite extension of Q p for some p, we write K nr for its maximal unramified extension; I K for the inertia subgroup of G K ; Frob K ∈ G K /I K for the geometric Frobenius; and W K for the Weil group. We will write Art K :
for the Artin map normalized to send uniformizers to geometric Frobenius elements. We will let rec K be the local Langlands correspondence of [HT01] , so that if π is an irreducible complex admissible representation of GL n (K), then rec K (π) is a WeilDeligne representation of the Weil group W K . We will write rec for rec K when the choice of K is clear. If (r, N ) is a Weil-Deligne representation of W K we will write (r, N ) F −ss for its Frobenius semisimplification. If ρ is a continuous representation of G K over Q l with l = p then we will write WD(ρ) for the corresponding Weil-Deligne representation of W K . (See for instance section 1 of [TY07] .) By a Steinberg representation of GL n (K) we will mean a representation Sp n (ψ) (in the notation of section 1.3 of [HT01] ) where ψ is an unramified character of K × . If ρ is a continuous de Rham representation of G K over Q p then we will write WD(ρ) for the corresponding Weil-Deligne representation of W K , and if τ : K → Q p is a continuous embedding of fields then we will write HT τ (ρ) for the multiset of Hodge-Tate numbers of ρ with respect to τ . Thus HT τ (ρ) is a multiset of dim ρ integers. In fact if W is a de Rham representation of G K over Q l and if τ : K → Q l then the multiset HT τ (W ) contains i with multiplicity dim
If K = R or C or if K is a CM field, we will let c denote complex conjugation, a well defined automorphism of K. If K is a number field and v|∞ is a place of K then we will let [c v ] denote the conjugacy class in G K consisting of complex conjugations associated to v.
If K/Q is a finite extension we will write
If v is a finite place of K we will write k(v) for its residue field and Frob v for Frob Kv . If K /K is a quadratic extension of number fields we will denote by δ K /K the nontrivial character of A 2. Local Prerequisites.
2.1.
In this section we will recall and generalise some notions from sections 3.3 and 3.4 of [BLGG09] (note that in particular Lemma 2.1.1 means that we do not have to concern ourselves with particular choices of equivalences between isomorphic residual representations). Fix a rational prime l and an isomorphism ı : Q l ∼ → C. Let Γ denote a topologically finitely generated topological group. Let O denote the ring of integers of a finite extension of Q l in Q l . Let λ denote the maximal ideal of O and let F = O/λ. If ρ : Γ → GL n (F) is a continuous homomorphism we will denote by
the universal lifting ring of ρ to a complete noetherian local O-algebra with residue field F. (We impose no equivalence condition on lifts other than equality.) We will write
, and so, as the notation suggests, the ring R ρ ⊗ Q l does not depend on the choice of ring of integers O.
Lemma 2.1.1. Let H denote the subgroup of GL n (O) consisting of elements which reduce modulo the maximal ideal to an element that centralizes the image of ρ. Then H acts naturally on R O,ρ on the right. This action fixes each irreducible component of
Proof. The action of h ∈ H is via the map R O,ρ → R O,ρ along which the universal lifting ρ univ pushes forward to hρ univ h −1 . Suppose that h ∈ H and that O is the ring of integers of a finite extension of the fraction field of O in Q l . Suppose that ρ : Γ → GL n (O ) lifts ρ. Then hρh −1 also lifts ρ. Let O s, t denote the algebra of power series over O with coefficients tending to zero. Set A = O s, t /(s det(t1 n + (1 − t)h) − 1), a complete topological domain with the λ -adic topology. We have a continuous representation
Let A 0 denote the closed subalgebra of A generated by the the matrix entries of elements of the image of ρ and give it the subspace topology. Then
and ρ mod λ = ρ, and ρ pushes forward to ρ (resp. hρh −1 ) under the continuous homomorphism A 0 → O induced by t → 1 (resp. t → 0). We will show that A 0 is a complete, noetherian local O-algebra with residue field F. It will follow that there is a natural map R O,ρ → A 0 through which the maps R O,ρ → O corresponding to ρ and hρh −1 both factor. As A 0 is a domain (being a sub-ring of A) we conclude that the points corresponding to ρ and hρh 
where a i ∈ GL n (O) lifts ρ(γ i ) and where b i ∈ M n×n (λ A). Then A 0 is the closure of the O-subalgebra of A generated by the entries of the b i . As these entries are topologically nilpotent in A we get a continuous O-algebra homomorphism Let p be second rational prime and K/Q p be a finite extension. For i = 1, 2, let
be a continuous representation.
l = p.
Suppose that l = p. We say that ρ 1 connects to ρ 2 , which we denote ρ 1 ∼ ρ 2 , if and only if
• the reduction ρ 1 = ρ 1 mod m Q l is equivalent to the reduction ρ 2 = ρ 2 mod m Q l , and • ρ 1 and ρ 2 define points on the same irreducible component of Spec (R ρ 1 ⊗ Q l ). We say that ρ 1 strongly connects to ρ 2 , which we write ρ 1 ρ 2 , if ρ 1 ∼ ρ 2 and ρ 1 lies on a unique irreducible component of Spec (R ρ 1 ⊗ Q l ).
We make the following remarks.
(1) By Lemma 2.1.1 the relations ρ 1 ∼ ρ 2 and ρ 1 ρ 2 do not depend on the equivalence chosen between the reductions ρ 1 and ρ 2 , nor on the GL n (O Q l )-conjugacy class of ρ 1 or ρ 2 . (2) 'Connects' is a symmetric relationship, but 'strongly connects' may not be. (3) 'Strongly connects' is a transitive relationship, whereas 'connects' may not be. Cho09] .) (6) If ρ 1 and ρ 2 have the same reduction and if ρ 1 is unramified, then ρ 1 ∼ ρ 2 if and only if ρ 2 is unramified. (7) If K /K is a finite extension and (1) If ρ 1 defines a formally smooth point of
This is true if and only if
Proof: For the first part note that a formally smooth point of Spec (R ρ 1 ⊗ Q l ) can only lie on one irreducible component. Formal smoothness follows from the vanishing of H 2 (G K , ad ρ 1 ), which by Tate duality is equivalent to the vanishing of H 0 (G K , (ad ρ 1 )(1)). The scheme Spec (R ρ 1 ⊗ Q l ) is equidimensional of dimension n 2 (see [Cho09] , or Theorem 2.1.6 of [Gee06] ). On the other hand the tangent space at ρ 1 has dimension dim
is formally smooth at ρ 1 if and only if H 0 (G K , (ad ρ 1 )(1)). For the second part write π = Sp s1 (π 1 ) · · · Sp st (π t ) for some supercuspidal representations π i of GL ni (K) and positive integers s i , n i with s i n i = n. (We are using the notation of [HT01] .) Then ρ 1 has a filtration with graded pieces ρ 1,i satisfying ıWD(ρ 1,i ) F −ss = rec K (Sp si (π i )), possibly after reordering the i's. Thus (ad ρ 1 )(1) has a filtration with graded pieces Hom (ρ 1,i , ρ 1,j (1)). If this were nonzero then π i ∼ = π j ⊗| det | m for some max{1, 1+s j −s i } ≤ m ≤ s j . Thus (π i , s i ) and (π j , s j ) are linked contradicting the fact that π is generic (see page 36 of [HT01] ).
Important convention: Suppose that F is a global field and that r : G F → GL n (Q l ) is a continuous representation with irreducible reduction r. In this case there is modelȓ :
Now suppose that l = p and that, for each continuous embedding K → Q l , the image is contained in the field of fractions of O.
Let {H τ } be a collection of n element multisets of integers parametrized by τ ∈ Hom Q l (K, Q l ). Then R O,ρ has a unique quotient R O,ρ,{Hτ },cris which is reduced and without l-torsion and such that a Q l point of R O,ρ factors through R O,ρ,{Hτ },cris if and only if it corresponds to a representation ρ : G K → GL n (Q l ) which is crystalline and has HT τ (ρ) = H τ for all τ : K → Q l . We will write R ρ,{Hτ },cris ⊗ Q l for R O,ρ,{Hτ },cris ⊗ O Q l . This definition is independent of the choice of O. The scheme Spec (R ρ,{Hτ },cris ⊗ Q l ) is formally smooth. (See [Kis08] . ) We say that ρ 1 connects to ρ 2 , which we denote ρ 1 ∼ ρ 2 , if and only if • the reduction ρ 1 = ρ 1 mod m Q l is equivalent to the reduction ρ 2 = ρ 2 mod m Q l ; • ρ 1 and ρ 2 are both crystalline;
• for each τ : K → Q l we have HT τ (ρ 1 ) = HT τ (ρ 2 );
• and ρ 1 and ρ 2 define points on the same irreducible component of the scheme Spec (R ρ 1 ,{HTτ (ρ1)},cris ⊗ Q l ).
Note the following:
(1) By the proof of lemma 2.1.1 we see that the relation ρ 1 ∼ ρ 2 does not depend on the equivalence chosen between the reductions ρ 1 and ρ 2 , nor on the
(This is proved in the same way as lemma 3.4.2 of [Ger09] .) We will call a crystalline representation ρ :
Note that if K /K is a finite extension and ρ 1 is diagonalizable (resp. potentially diagonalizable) then ρ 1 | G K is diagonalizable (resp. potentially diagonalizable). It seems to us an interesting, and important, question to determine which potentially crystalline representations are potentially diagonalizable. As far as we know they could all be.
Lemma 2.3.1. If ρ 1 and ρ 2 are conjugate in GL n (Q l ) then ρ 1 is potentially diagonalizable if and only if ρ 2 is potentially diagonalizable.
Thus we can speak of a representation ρ : G K → GL n (Q l ) being potentially diagonalizable without needing to specify an invariant lattice.
Proof. If ρ 1 and ρ 2 are conjugate by an element of GL n (O Q l ) then after passing to a finite extension over which ρ 1 = ρ 2 = 1 we see that ρ 1 ∼ ρ 2 . Thus we may suppose that
Choosing O ⊂ Q l large enough we may assume that ρ 1 and ρ 2 are defined over O and that d 1 , . . . , d n ∈ O. Replacing K by a finite extension we may also assume that ρ 2 ≡ 1 mod ld 1 /d n , in which case we also have ρ 1 = 1.
Consider the complete topological domain
If
Thus we see that ρ : G K → GL n (A) is a continuous homomorphism. The specialization under t i → 1 for all i is ρ 2 . The specialization under s i → 1 for all i is ρ 1 . As in the proof of lemma 2.1.1 we conclude that ρ 1 ∼ ρ 2 , and we are done.
We will establish some cases of (potential) diagonalisability below, but first we must recall some results from the theory of Fontaine and Laffaille [FL82] , normalized as in section 2.4.1 of [CHT08] . Assume that K/Q l is unramified and denote its ring of integers by
• and Frob
There is an exact, fully faithful, covariant functor of O-linear categories 
and i is counted with multiplicity equal to the Fdimension of this space. If M is an l-torsion free object of MF O then G K (M )⊗ Z l Q l is crystalline and for every continuous embedding τ : K → Q l we have
Then we can find an object M of MF O which is l-torsion free together with a filtration by MF O -subobjects
Proof. M has an F basis e i,τ for i = 1, . . . , n and τ ∈ Hom (K, Q l ) such that
• the residue field k K of K acts on e i,τ via τ ;
• M j is spanned over F by the e i,τ for i > j;
• and for each j there is a subset Ω j ⊂ {1, . . . , n} × Hom (K, Q l ) such that Fil j M is spanned over F by the e i,τ for (i, τ ) ∈ Ω j .
Then we define M to be the free O-module with basis e i,τ for i = 1, . . . , n and τ ∈ Hom (K, Q l ).
• We let O K act on e i,τ via τ ;
• we define M j to the sub O-module generated by the e i,τ with i > j;
• and we define Fil j M to be the O-submodule spanned by the e i,τ for (i, τ ) ∈ Ω j .
We define Φ j : Fil j M → M by reverse induction on j. If we have defined Φ j+1 we define Φ j as follows:
It follows from Nakayama's lemma that M is an object of MF O , and then it is easy to verify that it has the desired properties.
We can now state and prove our potential diagonalizability criteria.
Lemma 2.3.3. Keep the above notation, including the assumption l = p. Suppose that
(1) If ρ 1 has a G K invariant filtration with one dimensional graded pieces, in particular if it is ordinary (see section 3.1 below), then ρ 1 is potentially diagonalizable. (2) If K/Q l is unramified and if all the Hodge-Tate numbers of ρ 1 lie in a range of the form [a, a+l−2] for some fixed a, then ρ 1 is potentially diagonalizable.
Proof: After passing to a finite extension so that ρ 1 becomes trivial, the first part follows from item 6 of the first numbered list of this section.
For the second we may assume (by twisting) that a = 0. Note that every irreducible subquotient of ρ 1 | I K is trivial on wild inertia and hence one dimensional. Choose a finite unramified extension
3.2 (and the discussion just proceeding it) we see that ρ 1 | G K has a crystalline lift ρ 2 with the same Hodge-Tate numbers as ρ 1 | G K which also has a G Kinvariant filtration with one dimensional graded pieces. It follows from section 2.4.
From the first part of this lemma we see that ρ 2 is potentially diagonalizable. Hence ρ 1 is also potentially diagonalizable.
We will also say that r is (potentially) diagonalizable to mean thatȓ is.
Automorphy Lifting and Changing
The Level and Weight.
Terminology.
Continue to fix a rational prime l and an isomorphism ı :
Suppose that F is a number field and
we will call χ algebraic. In that case we can associate to χ a de Rham, continuous character
We now recall from [CHT08] and [BLGHT09] the notions of RAESDC and RAECSDC automorphic representations. In fact, it will be convenient for us to work with a slight variant of these definitions, where we keep track of the character which occurs in the essential (conjugate) self-duality.
Let F be an imaginary CM real field with maximal totally real subfield F + . By a RAECSDC (regular, algebraic, essentially conjugate self dual, cuspidal) automorphic representation of GL n (A F ) we mean a pair (π, χ) where
• π is a cuspidal automorphic representation of GL n (A F ) such that π ∞ has the same infinitesimal character as some irreducible algebraic representation of the restriction of scalars from F to Q of GL n ,
Now let F be a totally real field. By a RAESDC (regular, algebraic, essentially self dual, cuspidal) automorphic representation π of GL n (A F ) we mean a pair (π, χ) where
If F is CM or totally real we will write (
If F /F is a finite extension we define
Following [Shi09] we call a slightly regular if either n is odd; or if n is even and for some τ ∈ Hom (F, C) and for some odd integer i we have a τ,i > a τ,i+1 .
If a ∈ (Z n ) Hom (F,C),+ , let Ξ a denote the irreducible algebraic representation of
which is the tensor product over τ of the irreducible representations of GL n with highest weights a τ . We will say that a RAESDC (resp. RAECSDC) automorphic representation π of GL n (A F ) has weight a if π ∞ has the same infinitesimal character as Ξ ∨ a . We recall that to a RAESDC or RAECSDC representation (π, χ) of GL n (A F ) we can attach a continuous semi-simple representation
with the properties described in Theorem 1.1 (resp. 1.2) of [BLGHT09] . In particular
We also remark (see [Shi09] ) that if the weight of π is slightly regular then for every place v |l of F we have
).
We will call representations which arise in this way for some π automorphic. We will let r l,ı (π) denote the semisimplification of the reduction of r l,ı (π). We will call a pair (r, µ) consisting of a Galois representation and an algebraic Galois character automorphic if there is a RAESDC or RAECSDC representation (π, χ) such that (r, µ) ∼ = (r l,ı (π), r l,ı (χ)). We will say that (r, µ) is automorphic of level prime to l if there is a RAESDC or RAECSDC representation (π, χ) such that (r, µ) ∼ = (r l,ı (π), r l,ı (χ)) and with π v unramified for all v|l.
We call a continuous representation
ordinary if for all v|l a prime of F the following conditions are satisfied:
• there is a Gal ( 
We will say that r is ordinary of weight a where a ∈ (Z n ) Hom (F,Q l ),+ is defined by
If v|l is a place of F we also sometimes say that r| Gal (F v /Fv) is ordinary of weight a| Fv , where a| Fv denotes the element of (Z n )
Geraghty defines what it means for a regular algebraic cuspidal automorphic representation π of GL n (A F ) to be ı-ordinary. For our purposes the exact definition will not be so important, rather all that will matter are the following facts. We let (π, χ) denote a RAESDC or RAECSDC automorphic representation of GL n (A F ).
(1) If π is ı-ordinary then r l,ı (π) is ordinary. (See Lemma 5.2.1 of [Ger09]) We remark that it is presumably both true and provable that π is ı-ordinary if and only if r l,ı (π) is ordinary, but to work out the details here would take us too far afield.
Recall the following definition from [BLGHT09] . (See definition 7.2 of that paper.) If m is a positive integer, we will call a subgroup H ⊂ GL n (F l ) m-big if the following conditions are satisfied.
• H has no l-power order quotient.
α ∈ F l with the following properties: -the element α is a simple root of the characteristic polynomial of h and if β is another root then
(Here i h,α denotes the inclusion of the α-eigenspace of h into F n l and π h,α denotes the h-equivariant projection of F n l onto the α-eigenspace for h.) We will use 'big' as a synonym for '1-big'. This is consistent with the definition of 'big' in [CHT08] .
Some important examples of m-big subgroups are given in Lemmas 7.3 and 7.4 of [BLGHT09] . We add to it the following trivial observation.
Lemma 3.1.1. Let l be a prime and m an integer coprime to l. The subgroup {1} of GL 1 (F l ) is m-big.
Automorphy lifting theorems.
In this section we present two automorphy lifting theorems which slightly generalize results of [BLGG09] and [Ger09] . The only extra generality we allow is that we consider the essentially conjugate self-dual case rather than the conjugate self-dual case. We simply reduce the results we want to those in the literature by a twisting argument.
The first result is a slight generalization of Theorem 3.6.1 of [BLGG09] . It represents the natural output of the Taylor-Wiles-Kisin method.
Theorem 3.2.1. Let F be an imaginary CM field with maximal totally real subfield F + . Suppose l is odd and let n ∈ Z ≥1 with l > n. Let
be a continuous representation and let r denote the semi-simplification of its reduction. Also let µ :
be a continuous homomorphism. Suppose that (r, µ) enjoys the following properties:
The reduction r is absolutely irreducible and r(G F (ζ l ) ) ⊂ GL n (F l ) is big and (F ) ker ad r does not contain ζ l . (4) There is a RAECSDC automorphic representation (π, χ) of GL n (A F ) with the following properties.
• (r, µ) ∼ = (r l,ı (π), r l,ı (χ)).
• π is unramified above l.
• For all places v |l of F at which π or r is ramified we have
• For all places v|l of F we have
We remark that by Lemma 2.2.1, if π has slightly regular weight, then for all v |l we can replace the condition
Proof. Let S denote the set of primes of F + which either lie above l, or above which π or r ramifies. For each v ∈ S choose once and for all a prime v of F above v. Using Lemma 1.4 of [BLGHT09] it is enough to prove the theorem after replacing F by a quadratic CM extension which is linearly disjoint from F ker r (ζ l ) over F and in which all the primes above S split completely. Thus we may suppose that all primes in S split in F . As π is unramified above l, so is χ. By Lemma 4.1.4 of [CHT08] we can find an algebraic character ψ : A × F /F × → C × which is unramified above l and satisfies
Replacing (π, χ) by (π ⊗ (ψ • det), 1) and (r, µ) by (r ⊗ r l,ı (ψ), µ ⊗ r l,ı (χ) −1 ) we reduce the theorem to the case that χ = 1 and µ = 1, so that in particular π is RACSDC in the terminology of [CHT08] .
Note that by assumption r is crystalline at all places v|l and thus µ| G F being a constituent of (r c ⊗ r ⊗ n−1 l ) ∨ is also crystalline. Since all places of F + above l split in F , we see that µ itself is crystalline. There is an integer w such that for any prime v|l of F + we have
(In fact, as r l,ı (π)| G Fv and r| G Fv have the same Hodge-Tate numbers, we know that w = 0, but we won't use this in the rest of the proof.) By Lemma 4.1.6 of [CHT08] we can find a continuous character θ :
(To apply Lemma 4.1.6 of [CHT08] we take the S of that lemma to be the set of primes of F above the set S of this lemma. For v ∈ S we take ψ e v c to be trivial and ψ
.) Again replacing F by a finite soluble CM extension in which all the primes in S split completely and applying Lemma 1.4 of [BLGHT09] , we may suppose that θ is unramified outside S. Then we have the following observations.
•
, the lifting r l,
lies on a unique irreducible component of Spec (
. This justifies the first of the above equations.)
, and
Now replacing (r, µ) by (r ⊗ θ, 1) we reduce the present theorem to Theorem 3.6.1 of [BLGG09] .
In some cases one can combine the argument with the level changing method of [Tay08] and some Hida theory, to obtain a theorem with weaker hypotheses at v |l, but more stringent hypotheses at v|l. For instance, the following theorem can be deduced from Theorem 5.3.2 of [Ger09] .
Theorem 3.2.2 (Geraghty). Let F be an imaginary CM field with maximal totally real subfield F + . Suppose that l is odd and let n ∈ Z ≥1 with l > n. Let
(3) r ramifies at only finitely many primes. (4) r is ordinary.
(5) The image r(G F (ζ l ) ) is big and (F ) ker ad r does not contain F (ζ l ). (6) There is a RAECSDC automorphic representation (π, χ) of GL n (A F ) such that (r, µ) ∼ = (r l,ı (π), r l,ı (χ)) and π is ı-ordinary.
Proof. The proof is exactly analogous to, but slightly easier than, the proof of GG09] . Before proving it we need a generalization of Lemma 4.1.4 of [CHT08] .
Lemma 3.3.1. Let F be an imaginary CM field with maximal totally real subfield F + . Suppose that F/F + is unramified at all finite places. Let T be a non-empty finite set of primes of F + which split in F . Let I be a set of embeddings F → C such that I Ic is the set of all embeddings F → C. For τ ∈ I let m τ be an integer. Suppose that
is an algebraic character such that χ is unramified outside T and such that χ v (−1) is independent of v|∞. Then there is an algebraic character
for some w.
Proof. We know that
for some integer w. Replacing χ by χδ F/F + , if need be, we may assume that this remains true on all of (F
(This is possible as δ F/F + is unramified at all finite places.) Define
We will show that this is well defined and that it is continuous with respect to the usual topology on A × F . If this is so we can then extend it to a continuous character on A × F with the desired properties.
w
Hom (F + ,R) and where
× then we conclude that w i /u i → 1 as i → ∞. Thus we may suppose that h i = s i ∈ {±1}
Hom (F + ,R) and that
Theorem 3.3.2. Let F be an imaginary CM field with maximal totally real subfield F + . Suppose that F/F + is unramified at all finite places. Let n ∈ Z >1 be an integer with l > n. Assume that the extension F/F + is split at all places dividing l. Let S be a finite set of finite places of F + which do not divide l and which split in F . For each v ∈ S choose a prime v of F above v.
Suppose that r : G F → GL n (F l ) is an irreducible representation and that
is a continuous character which satisfy the following assumptions.
(
and π is ı-ordinary. Suppose π has weight b ∈ (Z n ) Hom (F,C),+ and set w = b τ,i + b cτ,n+1−i , which is independent of τ and i.
(4) r only ramifies at places above S and places above l.
(5) The image r(G F (ζ l ) ) is big and F ker ad r does not contain ζ l .
• for v|l the restriction r| G Fv has an ordinary, crystalline lift of weight a| Fv ;
• and a τ,i + a τ •c,n+1−i = w for all τ and i. Then there is a RAECSDC automorphic representation (π , χ ) of GL n (A F ) such that
We remark that the assumption that F/F + is unramified at all finite places is almost certainly not needed, but it would take us too far afield to remove it in this paper.
Proof. Note that
The local component π v of π is unramified at all primes outside S and the primes above l, and hence the character χ • N F/F + is unramified outside S and the primes above l. As F/F + is unramified at all finite places we conclude that χ is unramified outside S and the primes above l. By Lemma 3.3.1 above we conclude that there is an algebraic character ψ :
• is unramified outside S and the primes above l,
Now we simply need to apply Theorem 5.
of [GG09] to
• ρ = r ⊗ r l,ı (ψ),
• and λ, where λ τ,i = a τ,i − m τ . (See point 9 of the first numbered list in section 2.2.) We remark that Theorem 5.1.1 of [GG09] does not record the conclusion that the lift is unramified away from S and l, but the proof of that theorem gives this extra information.
Yet more character building.
We prove an analog of the character building Lemma 2.1.1 of [BLGG10] in the case of a CM base field. Those who are prepared to take such an extension on faith need only familiarize themselves with the statement of Lemma 4.2.1 below and can then move on to the next section. The arguments are actually somewhat simpler than those in [BLGG10] .
A bigness criterion.
We begin with an analog of Lemma 4.1.2 of [BLGG09] for the case of an extension of CM fields.
Lemma 4.1.1. Suppose that F is a CM field, l is a rational prime, m * is a positive integer not divisible by l, n is a positive integer with l > 2n − 2, r : G F → GL n (F l ) is a continuous mod l Galois representation, and M is a cyclic CM extension of F of degree m * such that:
• M is linearly disjoint fromF kerr (ζ l ) over F , and • every prime v of F above l is unramified in M .
Suppose also thatθ :
Then the fixed field of the kernel of the representation ad (r ⊗ Ind
(2) Suppose that r| G F (ζ l ) has m * -big image and that there is a prime Q of M lying above a prime q of F lying in turn above a rational prime q, such that:
• r is unramified at all primes above q,
• q is unramified inF kerr (ζ l ), • q − 1 > 2n, and • q|#θ (I Q ), butθ is unramified at all primes above q except Q. Then (r ⊗ Ind
Proof. Much of the proof is completely unchanged from Lemma 4.1.2 of [BLGG09] . Indeed, the only part which changes is the statement and proof of the sublemma, and the decomposition of adr | G F (ζ l ) and its use, which depends on the sublemma. We will use, mostly without comment, the notation of Lemma 4.1.2 of [BLGG09] . In particular r = Ind
and r = r ⊗ r . The modified sublemma is as follows.
); then either k = i and j = 0, or k = 0 and i = j. The converse also holds.
Proof. For the first part, we consider the action of inertia above q on each side of
. The left hand side is unramified outside Q and Qτ i ; the right hand side is unramified outside Qτ j and Qτ k ; it follows immediately that {0, i} = {j, k}.
For the converse, the fact thatθ /θ
The decomposition of adr | G F (ζ l ) becomes:
It is easy to see that:
• Each V j (χ) is irreducible.
• We have V j (χ) ≡ V j (χ ) unless χ = χ and j = j . This is clear, because M is linearly disjoint fromF kerr (ζ l ) over F .
) is irreducible; moreover, we have
) unless j = j and i = i . These both follow from the sublemma and examining the action of inertia above q.
• Finally, V j (χ) ∼ = Ind
) for all χ, i , j, j . This again follows from a consideration of the action of inertia above q.
The verification of the cohomology-related part of the definition of 'big image' then proceeds as before.
All that still remains is to show the non-group-cohomology-related part of the definition of 'big image'. The analysis for a copy V j (χ) ⊂ adr will proceed exactly as before, and we must just treat submodules of adr | G F (ζ l ) which are isomorphic to V j ⊗ W i . Any such can be written as:
where η 1 is an embedding V j → adr. (This uses our analysis, above, of the conditions under which terms in the direct sum 4.1.1 are isomorphic.) Using the fact that r| G F (ζ l ) is m * -big, we can find a σ ∈ G F (ζ l ) and a root α of det(X −r(σ)) such that:
• No other root of det(X −r(σ)) has m * th power equal to α m * .
Since M is linearly disjoint from F kerr (ζ l ) over F , we may additionally assume:
• σ maps to the generator τ of Gal (M (ζ l )/F (ζ l )).
(where we take subscripts modulo m * ). The roots of the characteristic polynomial ofr (σ) are exactly the m * th roots of β 0 β 1 . . . β m * −1 . If β is such a root, so β m * = β 0 β 1 . . . β m * −1 , then a corresponding eigenvector is:
and the corresponding equivariant projection is
We see that αβ is a simple root of the characteristic polynomial det(X −r (σ)), and that for v ∈ V j
This will be nonzero for some choice of β and v.
Character building.
Lemma 4.2.1. Suppose that:
• F is a CM field with maximal totally real subfield F + , • n is a positive integer, • l is a rational prime, with l > 2 and l > 2n − 2, • m is a positive integer, with l m, • F (avoid) is a finite extension of F , and • T is a finite set of primes of F , not containing places above l, which are unramified over F + .
Suppose further that
is a finite order character such that η takes some fixed value ∈ {±1} on every complex conjugation, and which is unramified at each prime of T , and that
is another finite order character, congruent to η (mod l), and is also unramified at each prime of T . (Note that η therefore also takes the value on every complex conjugation.) Suppose also that for each embedding of τ of F into Q l , and each integer i, 1 ≤ i ≤ m, we are given an integer h i,τ and another integer h i,τ . Finally, suppose that there are integers w, w such that for each i and τ , the integers h i,τ , h i,τ satisfy:
Then we can find a cyclic, degree m CM extension M of F which is linearly disjoint from F (avoid) over F , and continuous characters
such that θ and θ are de Rham at all primes above l, and if η is unramified above l then θ is crystalline at all primes above l, and furthermore:
, a continuous Galois representation ramified only at primes in T and above l, which satisfies
is big.
• If [F ker adr (ζ l ) : F ker adr ] > m then the fixed field of the kernel of ad (r ⊗ Ind
We can make a choice of c, a complex conjugation in G F + , and put a perfect pairing on Ind
Thus, in particular,
(4) With c as before, we can put a perfect pairing on Ind
(5) For each v above l, the representation (Ind
Fv is conjugate to a representation which breaks up as a direct sum of characters:
where, for each i, 1 ≤ i ≤ m, and each embedding τ : F v → Q l we have that:
is conjugate to a representation which breaks up as a direct sum of characters:
where, for each i, 1 ≤ i ≤ m, and each embedding τ :
HT τ (χ (v) i ) = h i,τ . (6) M/F is unramified at each prime of T ; and θ, θ are unramified above each prime of T . Thus Ind
θ are unramified at each prime of T . Finally, each prime of F above l splits completely in M .
Proof. Our proof will follow closely the proof of Lemma 2.1.1 of [BLGG10] . Without loss of generality we may suppose that F (avoid) /Q is Galois.
Step 1: Finding a suitable field M . We first choose a cyclic, totally real extension M 1 /Q of degree m such that:
• M 1 is unramified at all the rational primes where F (avoid) /Q is ramified, and at all rational primes which lie below a prime of T .
• l splits completely in M has order divisible by m.) Note that M 1 and F (avoid) are linearly disjoint over Q (since they ramify at disjoint sets of primes); and so in particular M 1 and F are linearly disjoint over Q. If we then put M := M 1 F , we note that:
• M is a CM field, whose maximal totally real subfield
• Gal (M/F ) and Gal (M 1 /Q) are naturally isomorphic and hence Gal (M/F ) is cyclic of order m. Let us write σ M/F for a choice of a generator for Gal (M/F ).
• All places of F above l split in M , and M is unramified over F at all the primes of T .
Thus (as in [BLGG10] ) our choices have ensured that almost all the points in conclusion 6 of the lemma currently being proved will hold; all that remains from there to be checked is that θ and θ are unramified at all primes above prime of T .
Step 2: An auxiliary prime q. Choose a rational prime q such that
• no prime of T lies above q,
• q is unramified in F (avoid) , • q − 1 > 2n, and • η and η are both unramified at all primes above q.
Also choose a prime q of F above q, and a prime Q of M above q.
Step 3: Defining certain algebraic characters φ, φ . For each prime of v of F over l, select once and for all a prime v M of M lying above it. Then, for each embedding τ of F into Q l (associated say to the prime v of F ), select an embedding τ M of M into Q l extending τ and associated to the chosen prime v M . We can and shall suppose that these choices are made so that (v c 
. WriteM for the Galois closure of M over Q, fix ι * , an embedding ofM into Q l , and write v * for the prime of M below this. For each embedding ι of M into Q l , choose an element σ ι * ι in Gal (M /Q) such that ι = (ι * • σ ι * ι )| M . We claim that there exists an extension M ofM , and a character φ :
× with open kernel such that:
(Note that, in the right hand side, we really think of α as an element of A M + , not just as an element of A M which happens to lie in A M + ; so for instance v runs over places of M + , and the local norms are appropriately normalized to reflect us thinking of them as places of M + .) • If η is unramified at l, then φ is unramified at l.
• φ is unramified at all primes above primes of T .
• q|#φ(O × M,Q ), but φ is unramified at primes above q other than Q. This is a consequence of Lemma 2.2 of [HSBT06] , as in [BLGG10] . The only nontrivial part, as there, is checking that for α an element of (M + ) × , we have that the expression for φ(α) from the first bullet point (φ 0 (α), say), matches that from the second (φ 1 (α), say), for which it suffices to check that they match after applying ι * .
We have:
hj+1,τ
Then using the fact that α is lies in M + and hence is fixed by c, and using the fact that h i,τ + h i,τ •c = w for i = 1 . . . m, this
hj+1,τ +hj+1,τ•c
and then using the fact that Art
as required. (Here α ∞ and α ∞ denote the images of α in (M
Similarly, we construct a character φ :
with open kernel such that:
(Again, we think of α in the right hand side as a bona fide member of A M + .) • φ is unramified at all primes above primes of T .
Again, this follows from Lemma 2.2 of [HSBT06].
Step 4: Defining the characters θ, θ . WriteM for the Galois closure of M over Q, and extend ι * :M → Q l to an embedding ι * * :M → Q l . Define ladic characters θ, θ 0 : G M → Z × l by the following expressions (here α ∈ A M , and ifτ is a map M → Q l , corresponding to a place v(τ ) of M , thenτ (α) is a shorthand for α v(τ ) , mapped into Q l via the unique continuous extension ofτ to a map
where v runs over places of F dividing l. (It is easy to check that the expressions on the right hand sides are unaffected when α is multiplied by an element of M × .) Observe then that they enjoy the following properties:
• For τ an embedding of F into Q l and 0 ≤ j ≤ m−1, the Hodge-Tate weight of θ at the embedding
• For τ an embedding of F into Q l and 0 ≤ j ≤ m−1, the Hodge-Tate weight of θ 0 at the embedding
• q|#θ(I Q ), but θ is unramified at all primes above q except Q.
We now define θ = θ 0 (θ/θ 0 )-whereθ (respθ 0 ) denotes the Teichmuller lift of the reduction mod l of θ (resp θ 0 )-and observe that:
Step 5: Properties of Ind
We begin by addressing point 3. We define a pairing on Ind
where c is the same complex conjugation used in point 3(b). One easily checks that this is well defined and perfect, and that the properties (a) and (b) point 3 hold. We can address point 4 in a similar manner, defining a pairing on Ind
and checking the required properties.
Next, we address point 5. We will give the argument for Ind
On the other hand if τ : F → Q l lies above v then
Step 6: Establishing the big image/avoid ζ l properties. All that remains is to prove the big image and avoiding ζ l properties; that is, point (2). We will just show the stated properties concerning Ind
Let r be a continuous l-adic Galois representation such thatr(G F (ζ l ) ) is m-big, and such that the following properties hold:
• r is ramified only at primes of T and above l, and
We now apply Lemma 4.1.1. Applying part 2 of that lemma will give that (r ⊗ Ind
has big image, (the first part of point (2) to be proved) and applying part 1 will give the fact that we avoid ζ l (the second part of point (2)). All that remains is to check the hypotheses of Lemma 4.1.1.
The fact that M is linearly disjoint from F kerr (ζ l ) (common to both parts) comes from the fact that F kerr (ζ l ) ⊂ F (avoid) and M was chosen to be linearly disjoint from F (avoid) . We turn now to the particular hypotheses of the second part. That r| G F (ζ l ) has m-big image is by assumption. The properties we require of q follow directly from the bullet points established in Step 2, the properties of r just above, and the last bullet point (concerning #θ(I Q )) in the list of properties of θ given immediately after θ is introduced in step 4.
A New Automorphy Lifting Theorem
5.1. In this section we will prove our first main theorem. It generalizes Geraghty's automorphy lifting Theorem 3.2.2 from the ordinary case to the potentially diagonalisable case. Our main tool will be Harris' tensor product trick (see [Har07] and [BLGHT09] ).
Theorem 5.1.1. Let F be an imaginary CM field with maximal totally real subfield F + and let c denote the non-trivial element of Gal (F/F + ). Suppose that l is odd and let n ∈ Z ≥1 with l > n 2 . Let
(3) r ramifies at only finitely many primes.
(4) r| G Fv is potentially diagonalizable (and so in particular potentially crystalline) for all v|l.
We remark that condition 4 of the theorem will be satisfied if, in particular, l is unramified in F and r is crystalline at all primes above l with Hodge-Tate numbers in a range of the form [a, a + l − 2] for some fixed a (the "Fontaine-Laffaille case").
Proof. Using Lemma 1.4 of [BLGHT09] (base change) it is enough to prove the theorem after replacing F by a soluble CM extension which is linearly disjoint from F ker r (ζ l ) over F . Thus we may suppose that
• F/F + is unramified at all finite primes; • all primes dividing l and all primes at which π or r ramify are split over F + ; • if u is a place of F above a rational prime other than l above which r ramifies, then r| G Fu is trivial; • if u is a place of F above l then F u contains a primitive l th root of unity, r| G Fu is diagonalisable, and r| G Fu is trivial. For each prime v of F + which splits in F , choose once and for all a prime v of F above v.
For v a prime of F + above l suppose that
There is an integer w r such that for each τ : F + → Q l we have HT τ (µ) = {−w r }. Then we see that
for all τ and i.
Suppose that π has weight b ∈ (Z n ) Hom (F,C),+ and set w π = b τ,i + b τ c,n+1−i , which is independent of τ and i. Choose m ∈ Z >1 not divisible by l such that 
• π 1 is unramified above l and at all places at which r is unramified;
• π 1 has weight a;
• for each place u|l of F the restriction r l,ı (π 1 )| G Fu is crystalline and ordinary;
• if v|l is a place of F + then
• for each finite place u |l of F which is split over
Note that π 1 has slightly regular weight and so for all u |l we have
from which we deduce that
for all primes u |l of F which are split over F + . We now apply Lemma 4.2.1 in the following situation:
• F in the lemma is our F , • n, l are also as in our present context,
• T is the set of places of F + not dividing l where r is ramified,
• w = w π + n − 1 and w = w r + n − 1, • If τ : F → Q l lies above a place v for v|l a place of F + , then
while if it lies above c v for v|l a place of F + , then
• h i,τ is as in our present context.
We deduce the existence of a field M and characters
satisfying the several conclusions of Lemma 4.2.1. In particular we see that if v|l is a place of F + then (Ind
Moreover if u|l is a place of F and if K/F u is a finite extension over which θ becomes crystalline then (Ind
is crystalline at all places dividing l and is unramified away from l,
are trivial at all primes above l, and at all places lying over places of F at which r| G F 2 is ramified, • F 2 is linearly disjoint from the normal closure ofF kerrM kerθ (ζ l ) over F , and • M F 2 /F 2 is unramified at all finite places, and split completely at all places of F 2 lying over l, and at all places where r| G F 2 is ramified. We put
• (R , r l,ı (χ 1 )
) is automorphic of level prime to l, say (R , r l,ı (χ 1 )
where
) wπ−wr ;
•R(G F2(ζ l ) ) is big and the fixed field of the kernel of adR| G F 2 does not contain ζ l . (Apply conclusion 2 of Lemma 4.2.1 to our representationr.)
If on the other hand u lies over c v then
• For all places u l, either both π 2,u and R| G F 2,u are unramified, or we have
(If π 2,u is ramified then π 1,F2,u is ramified, so π 1,u| F is ramified and so r| G F u| F is ramified. Conversely if R| G F 2,u is ramified then r| G F u| F is ramified. So we only need consider places u |l above a place of F at which r is ramified. In this case
where the φ j are unramified characters of the same weight. In particular 
(We are using item 10 of the first numbered list in section 2.2.)) We now apply Theorem 3.2.1, with
• F the present F 2 ,
• l as in the present setting,
• n the present n 2 , • r the present R,
We conclude that R| G F 2 is automorphic of level prime to l. By Proposition 5.1.1 of [BLGG10] , r| G F 2 is automorphic of level prime to l. Finally by Lemma 1.4 of [BLGHT09] , r is automorphic.
Potential Automorphy

The Dwork family.
In this section we will record a slight generalization of the arguments of section 6 of [BLGHT09] .
Proposition 6.1.1. Suppose that:
• F is a totally real field, • n is a positive even integer, • l > n is a rational prime, , and • L is a finite set of places of F , not including places above l, at whichr is unramified. Then we can find a Galois totally real extension F /F and a RAESDC automorphic representation (π , 1) of GL n (A F ) such that
and π has weight 0 and, if v|l then π v is Steinberg.
In particular π is ı-ordinary and r l,ı (π ) is ordinary.
Proof. The proof follows very closely the proof of Theorem 6.3 of [BLGHT09] . We will use the notation of that theorem freely and we will simply indicate the slight changes that need to be made. First note that r is actually valued in GSp n (F) for some finite subfield F ⊂ F l . Also note that we may assume that F (avoid) is Galois over Q.
When N is chosen we should also ensure that it is neither divisible by primes which ramify in F (avoid) nor by primes below elements of L.
When M is chosen ensure that it is also unramified at rational primes below primes of L and at rational primes ramified in F (avoid) . Choose q unramified in F (avoid) and not below any prime of L. Choose φ unramified above any rational prime which is either ramified in F (avoid) or lies below a prime of L. Choose l unramified in F (avoid) and not below any prime of L. Then choose F linearly disjoint from F (avoid) over F and unramified at the primes in L. For this latter condition one must take S 2 = L in the MoretBailly argument. For v a prime of F (ζ N )
+ above a prime in S 2 one takes
. To see this is non-empty one can note that T r×r has a natural smooth model over O F (ζ N ) + ,v (defined via the same moduli problem), and so by Hensel's lemma it suffices to show that T r×r has a point over some finite extension of the residue field of v. This is clear.
The last sentence of the proof of Theorem 6.3 of [BLGHT09] is not required here.
Combining this theorem with Lemma 5.1.7 of [Ger09] we obtain the following consequence.
Corollary 6.1.2. Keep the notation and assumptions of the theorem. Suppose that S is any finite set of places of F and for v ∈ S choose a finite Galois extension
Then we can find a Galois CM extension F /F , with maximal totally real subfield (F ) + , and a RAESDC automorphic representation (π , 1) of GL n (A F ) such that
4) π has weight 0 and is ı-ordinary, (5) π is unramified at all finite places. In particular r l,ı (π ) is crystalline and ordinary.
Proof. We may assume that F (avoid) /F is Galois. Lemma 5.1.7 of [Ger09] allows us to find F /F a soluble Galois CM extension and a RAECSDC automorphic representation (π , 1) of GL n (A F ) with the desired properties except point 2 (and with F /F not necessarily Galois). The proof of Lemma 5.1.7 of [Ger09] also allows us to obtain point 2. In addition it tells us that there is a set S 0 of rational primes such that given any finite set S 1 of rational primes disjoint from S 0 we can also ensure that all primes of F above a prime of S 1 split completely in F .
We take S 1 so that, for every subextension F ker r F (avoid) (ζ l ) ⊃ E ⊃ F with E/F Galois with simple Galois group, some prime of F above S 1 does not split in E. Having chosen F and π for this S 1 let F /F denote the normal closure of F /F . Then all primes of F above S 1 split completely in F /F . Thus F /F is linearly disjoint from F ker r F (avoid) (ζ l ) over F . Take π to be the base change of π to F , and the theorem will be satisfied.
Potential ordinary automorphy.
Before we give the central argument, we must briefly digress to use the results of section 3 of [BLGG10] to improve a little upon the results of section 6.1, in particular generalizing them to include orthogonal as well as symplectic representations, and also to include representations with more general multipliers.
Proposition 6.2.1. Suppose that:
• F + is a totally real field, • n is a positive integer,
l is a finite order character. And suppose further that together they enjoy the following properties:
(1) there is a perfect pairing ·, · on F n l and an α ∈ {±1} such that:
1−n α for every complex conjugation c, and
) is 2-big (so in particularr is irreducible), and [F ker adr (ζ l ) :
Then we can find a Galois CM extension F 1 /F + with maximal totally real subfield F + 1 , and a RAECSDC automorphic representation
π 1 is ı-ordinary (of weight 0 and level prime to l).
Proof. Apply Lemma 2.1.1 of [BLGG10] with;
• F + , n, l, being as in our present context,
• T the set of places of F + not dividing l at whichr is ramified, • η = η = µ −1 , • w = n, and • h 1,τ = h 1,τ = 0 and h 2,τ = h 2,τ = n for each embedding τ :
This constructs a CM field M and two characters, θ and θ ; of these, we actually will only care about M and θ. Note that conclusion (5) of Lemma 2.1.1 of [BLGG10] tells us Ind
θ is ordinary at each prime of F + above l. By conclusion (3) of Lemma 2.1.1 of [BLGG10] , we can put a perfect pairing on Ind
θ satisfying:
Combining this with hypothesis (1) of the present lemma, we can thus put a pairing onr ⊗ Ind
satisfying:
We now apply Corollary 6.1.2 toR :=r ⊗ Ind
, with l, F (avoid) as in the present setting, L = ∅, F the present F + , n the present 2n, andr the present R. We deduce that there exists a Galois CM extension F 1 /F + , and a RAESDC representation (π 1 , 1) of GL n (A F1 ) such that
• π 1 is unramified at all finite places, • π 1 has weight 0 and is ı-ordinary,
are unramified away from l,
• r l,ı (π 1 ) is crystalline and ordinary at all primes above l, and is unramified at all other primes.
Note that in addition, because F 1 is linearly disjoint from F + kerR (ζ l ) over F + , we deduce from point (2) of Lemma 2.1.1 of [BLGG10] and the assumptions of the present theorem that
Write F + 1 for the maximal totally real subfield of F 1 . We now fix a finite extension K of Q l with ring of integers O, assumed sufficiently large that r l,ı (π 1 ) is conjugate to a O-valued representation. In fact, we may replace the representations above by conjugate representations and assume that r l,ı (π 1 ) and Ind
. We now apply Theorem 3.4.1 of [BLGG10] with
•r being ourr| G F 1 .
• r = (Ind
• χ = 2n−1 .
• R e v being the unique ordinary component of the crystalline lifting ring for weight 0 representations (since r l,ı (π 1 )| G F 1 ,e v is trivial for all places v|l by construction, and F 1,e v contains a primitive l-th root of unity, such a component exists, and it is unique by Lemma 3.4.3 of [Ger09] ).
We now check the hypotheses of Theorem 3.4.1 of [BLGG10] .
• The assumptions on conjugate self-duality are immediate by the construction above.
•r| G F 1 is odd, by the discussion of section 3.1.3 of [BLGG10] (which shows that is enough to check thatr is odd, which is immediate from the assumption (1) of the lemma being proved).
• The assumptions thatr, r , r , χ, χ and χ are unramified at all places not dividing l follow from the choice of F 1 , as does the assumption that r is crystalline.
• The assumptions relating to the image ofr were established above.
• The local assumption on liftings corresponding to points of Spec R e v [1/l] follow from Lemma 3.4.3 of [Ger09] , the choice of R e v , and the fact that Ind
θ is ordinary at all places dividing l.
We conclude that there is a continuous lifting r 1 :
• r 1 is ordinary of weight 0 and crystalline at every place dividing l, • r 1 is unramified away from l, and • r 1 ⊗ (Ind
Applying Proposition 5.1.1 of [BLGG10] we see that there is a RAECSDC representation (π 1 , χ 1 ) of GL n (A F1 ) such that
) and • π 1 is unramified above l.
We see that in addition
• π 1 is unramified at all finite places, • π 1 has weight 0 (look at the Hodge-Tate weights),
• and π 1 is ı-ordinary (because it has level prime to l and r is ordinary).
The proposition follows.
The main potential automorphy theorem.
We can now turn to the proof of the main theorem.
Theorem 6.3.1. Suppose F + is a totally real field and n ≥ 2 is a positive integer. Suppose that l > n 2 is a rational prime. Suppose also that r :
is a continuous representation which is unramified at all but finitely many places, and that µ :
is a continuous character. Let r denote the semi-simplification of the reduction of r. Suppose that the following conditions hold.
(1) (Essentially self dual and odd.) There is a perfect pairing ·, · on Q n l such that
(2) (Potential diagonalizability and regularity at primes above l.) r is potentially diagonalizable (and hence potentially crystalline) at each prime v of F + above l and for each τ : F → Q l the multiset HT τ (r) contains n distinct elements. (3) (Big etc.) We have that
•r(G F + (ζ l ) ) is lcm(n, 2)-big, and
• [F + ker adr (ζ l ) :F + ker adr ] > n. Then there is a Galois totally real extension
We remark that by Lemma 2.3.2 the hypothesis of potential diagonalisability will hold if l is unramified in F + , and r is crystalline at all primes v|l, and HT τ (r) is contained in an interval of the form [a, a + l − 2] for all τ (the "Fontaine-Laffaille" case).
Proof. By Lemma 6.2.1 we can find a Galois CM extension F /F + and a RAECSDC representation (π, χ) of GL n (F ) such that
• F is linearly disjoint from F + ker r (ζ l ) over F + ; • π has weight 0;
• if u|l is a prime of F then r l,ı (π)| G F u is ordinary and π u is unramified.
By Theorem 5. Remark 6.3.2. One could, if one wanted, prove a slightly stronger theorem in which one introduces in the hypotheses an arbitrary field F (avoid) /F + then strengthen the conclusion to include a statement that F +, is linearly disjoint from F (avoid) over F + ; this is a consequence of the fact that all the earlier technical results in the paper used in the construction of the various fields in the proof, most notably Proposition 6.1.1, allow us to remain linearly disjoint from an arbitrary fixed field.
(5) for τ : F → M , H τ is a multiset of n integers such that for any M → M λ over M we have HT τ (r λ ) = H τ . We make the following subsidiary definitions.
• We will call R regular if for each τ : F → M every element of H τ has multiplicity 1.
• We will call R slightly regular if it is regular, and -either n is odd, -or for some τ : F → M writing H τ = {h 1 > h 2 > · · · > h n } one has h i > h i+1 + 1 for some odd i.
• We will call R odd, essentially conjugate self-dual if -F is a CM (or totally real) field with maximal totally real subfield F + (possibly equal to F ) ; -there is a weakly compatible system (M, S, {X − α v }, {µ λ }, {w}) of representations of G F + of rank 1 such that µ λ (c v ) is independent of v|∞ (and necessarily also independent of λ); -and for all but finitely many λ, a prime of M , and each place v|∞ of F there is a symmetric matrix A λ,v ∈ GL n (M λ ) such that
for all σ ∈ G F . We remark that for a given λ the last condition will be satisfied for one v|∞ if and only if it is satisfied for all v|∞. (Because A λ,v2 = A λ,v1 r λ (c v1 c v2 ).) We also remark that in the case that F is totally real, the last condition is equivalent to the existence for all but finitely many λ of a matrix B λ ∈ GL n (M λ ) such that t r λ (σ)B λ r λ (σ) = µ λ (σ)B λ for all σ ∈ G F , and t B λ = µ λ (c v )B λ for one (and hence all) v|∞. (In fact A λ,v = B λ r λ (c v ).) • We will call R strongly irreducible if, for all but finitely many λ the restriction of r λ to any open subgroup of G F is irreducible.
• We will call R automorphic if there is a regular, algebraic, cuspidal automorphic representation π of GL n (A F ) and an embedding ı : M → C, such that if v ∈ S then π v is unramified and rec(π v | det |
(1−n)/2 v )(Frob v ) has characteristic polynomial ı(Q v (X)). Note that in this case, for any embedding ı : M → C there is a regular, algebraic, cuspidal automorphic representation π of GL n (A F ), such that if v ∈ S then π v is unramified and rec(π v | det | (1−n)/2 v )(Frob v ) has characteristic polynomial ı (Q v (X)). Also note that if R is essentially conjugate self-dual then π (and π ) is RAECSDC or RAESDC.
• If F /F is a finite extension we define R| G F to be the weakly compatible system of representations of G F :
(M, S (F ) , {Q As long as the residue characteristic is greater than 3 the finite group G SC λ (k(λ)) will be perfect (see [Ste68] ). If we shrink L 1 by removing all primes with residue characteristic 2 or 3 we conclude that the abelianization of the image of ad r λ (G F ) has order bounded by C for all λ ∈ L 1 . Removing finitely many more primes from L 1 we can conclude that for λ ∈ L 1
• r λ (G F ) has no quotient of order l (and hence no quotient of l-power order);
• ad r λ (G F (ζ l ) ) contains ad ρ λ ( G Theorem 7.2.1. Suppose that F is a totally real field and that R is a strongly irreducible, odd, essentially conjugate self-dual, regular, weakly compatible system of l-adic representations of G F . Then there is a finite, totally real, Galois extension F /F such that R| G F is automorphic.
Proof. By lemma 7.1.1 we can find a set L of primes λ of M with positive Dirichlet density so that for λ ∈ L we have
• [F ker ad r λ (ζ l ) : F ker ad r λ ] > n
• and r λ (F ζ l ) ⊂ GL n (F l ) is 2n-big. Here l denotes the rational prime below λ. Removing finitely many primes from L we may also assume that for λ ∈ L we also have
• r λ is crystalline at all primes of F above l with Hodge-Tate numbers in a range of the form [a, a + l − 2]. Our theorem now follows by applying Theorem 6.3.1 to r λ for any λ ∈ L.
Corollary 7.2.2. Keep the assumptions of the theorem.
(1) If moreover R is slightly regular, then R is pure.
(2) If ı : M → C, then L S (ıR, s) converges (uniformly absolutely on compact subsets) on some right half plane and has meromorphic continuation to the whole complex plane. (3) If F is totally real, n is odd, and v|∞ then tr r λ (c v ) = ±1 and is independent of λ.
Proof. Purity can be detected after restricting to G F , and here it follows from the theorem and from the work of Shin [Shi09] . The convergence and meromorphic continuation of the partial L-function follows from the theorem and a Brauer's theorem argument as in Theorem 4.2 of [HSBT06] . The last part generalizes an observation of F. Calegari [Cal09] . The theorem reduces the question to the automorphic case where it is the main result of [Tay10] .
As one example of the above theorem we state the following result.
Corollary 7.2.3. Suppose that K is a finite set of positive integers with the property that the 2 #K partial sums of elements of K are all distinct. For each k ∈ K let f k be an elliptic modular newform of weight k + 1 without complex multiplication and let π k be the corresponding automorphic representation of GL 2 (A). Then there is a totally real Galois extension F/Q and a RAESDC automorphic representation Π of GL 2 #K (A F ) such that for all but finitely many primes v of F we have
In particular the 'multiple product' L-function L(× k∈K π k , s) has meromorphic continuation to the whole complex plane.
